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Calculation of Aircraft Wake Velocity Profiles and Comparison
with Experimental Measurements

Coleman duP. Donaldson,* Richard S. Snedeker,t and Roger D. SullivanJ
Aeronautical Research Associates of Princeton, Inc., Princeton, N.J.

A method is developed for the calculation of the initial inviscid form of rolled-up wake vortices
behind a wing having arbitrary lift distribution. The method makes use of the Betz assumptions of
conservation of wake vorticity and moments of vorticity. It is found that a simple relationship ex-
ists between the radial distribution of vorticity in the rolled-up wake and the spanwise lift distribu-
tion. Computed tangential velocity profiles for DC-7, DC-9, and C-141 aircraft are shown to com-
pare favorably with profiles measured by the FAA during tower flyby tests of these aircraft in both
flapped and unflapped configurations.
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Nomenclature

point of division between tip and flap shed vorticity
point of division between flap and fuselage shed vorticity
wingspan
point denoting centerline boundary of shed vorticity
diameter of vortex core
point on load curve
radius within which shed vorticity from one-half the wing

rolls up
= radial coordinate

total horizontal component of induced velocities from op-
posite vortex and both image vortices

wind velocity parallel to ground

total vertical component of induced velocities from oppo-
site vortex and both image vortices

resultant mean velocity to which a sensor responds
tangential velocity in vortex
spanwise coordinate
spanwise location of a local maximum of shed vorticity dis-

tribution
point denoting subtangent of point P
spanwise location of centroid of shed vorticity distribution
spanwise location of centroid of shed vorticity for flap

vortex
spanwise location of centroid of shed vorticity for tip vortex
circulation of wing
circulation of rolled-up vortex
circulation of flap vortex
circulation of tip vortex
total circulation
flap deflection
dummy variable for y
circumferential coordinate
dummy variable for r

I. Introduction

UNTIL quite recently, the analysis of aircraft wakes has
frequently depended upon the simplified model of vortex
roll-up made popular by Spreiter and Sacks.1 It has be-
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come increasingly evident, however, as new experimental
wake measurements have accumulated, that a more accu-
rate method is required to explain the data adequately. In
1971, Donaldson2 demonstrated that the method first sug-
gested by Betz3 in 1932 gives a considerably more accu-
rate discription of the radial distributions of vorticity and
tangential velocity in rolled-up vortices than that given by
other methods. The basic idea of the Betz method is the
replacement of the difficult computation of the precise
details of the inviscid roll-up of the vortex sheet with a
local axisymmetric distribution of vorticity, so constituted
and so located that proper consideration is given to the
conservation of vorticity and moments of vorticity behind
each half of the wing.

For elliptic and near elliptic load distributions, the Betz
theory gives an excellent description of the initial inviscid
trailing vortex pattern produced by a wing. Unfortunately,
in the vicinity of airports, where the problem of wake en-
counter is most prevalent, the large aircraft which pro-
duce the strongest wakes usually operate with some de-
gree of flap deflection. Under these conditions, the span-
wise load distributions may be quite complex so that the
original form of the Betz analysis is no longer appropriate.
In this paper, therefore, we shall extend the Betz method
to the case of flapped wings and present a general recipe
for evaluating the initial character of the wake. In addi-
tion, we shall compare the tangential velocity profiles cal-
culated by this method with experimental measurements
made by the Federal Aviation Administration in the
wakes of several large transport aircraft.

II. Betz Method and Its Extension to Complex Load
Distributions

Several investigators have attempted to calculate in de-
tail the roll-up of the wake behind a wing.4'6 This is a
complex calculation, and most investigators have found
great difficulty in carrying the calculation out to long
times because of the inherent instabilities in these calcu-
lations. In 1932, Betz3 gave a formula for approximating
the completely rolled-up character of the wake with an
application to a wing with an elliptic load distribution.
Considering a station far enough downstream that the
roll-up could be considered complete, Betz proposed that
the distribution of vorticity for each half of the wing
might be considered axisymmetric about a center of roll-
up.

Quantitatively, the theory relates the wing loading F, a
function of the spanwise station y, to the circulation in
the rolled-up vortex r' as a function of radial distance
from the center of the vortex r. The derivative dT/dy is
loosely referred to as the vorticity shed by the wing. (Ac-
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Fig. 1 Illustration of the Betz roll-up model for a simply
loaded wing.

tually, it is the strength of the vortex sheet; -dT/dy is
the integral of the vorticity through the thickness of the
vortex sheet.) In the rolled-up vortex, dT'/dr is the integral
of the vorticity around a circle of radius r. Betz proposed
that the following invariants of the roll-up process be pre-
served:

6 / 2

^Wdy \
: dT'(r]

dr C

b/2 d T ( y ]
dy 3

(1)

(2)

(3)

where b is the wing span and R is the radius (not known a
priori) within which the vorticity from each half of the
wing is rolled up. F0, the circulation at the centerline of
the wing and yt, the centroid of the shed vorticity of
the complete half-wing, are defined by Eqs. (1) and (2).

Furthermore, Betz stipulated that the roll up satisfy
these invariants from the inside according to the following
scheme:

(4)

(5)

d-n (6)

In these equations, 77 and p are dummy variables for y

and r, respectively. It is easy to see from Eq. (5) that y(y)
is the spanwise location of the centroid of the vorticity
shed by the wing outboard of the spanwise location y. The
relationships are illustrated in Fig. 1.

By following these rules, Betz gave a rather complicated
implicit expression for the distribution T'(r) for the case
of an elliptically loaded wing. More recently, Brown7 has
given results for a parabolically loaded wing, and Mason
and Marchman8 have given results for unswept wings of
various tapers and twists.

The description can be simplified by performing the fol-
lowing steps. Differentiating Eq. (4) with respect to r, one
obtains

dT dy
dy dr '

dT'
dr

Differentiation of Eq. (6) with respect to r yields

dy dT'

(7)

(8)

since the term involving dy/dr drops out by virtue of (5).
Substituting Eq. (7) into Eq. (8) results in

(3; - v")2 = r2 (9)

or, since y > y,
r = y-y (10)

This result has been obtained independently by Rossow9

and Jordan.10 Since Eq. (4) can be integrated to obtain
T(y)= T'(r] (11)

Eq. (10) states that the radius from the center of
roll-up at which one finds the circulation equal to the cir-
culation at the spanwise location y on the wing is equal to
the distance from y to the centroid of the shed vorticity
outboard of y.

If Betz' recipe is followed exactly for the case of wings
having load distributions which are complex, such as
those found on wings with flaps and spoilers extended, one
finds an immediate difficulty, namely that r becomes a
multiple-valued function of y. This may be illustrated by
calculating the derivative dr/dy of Eq. (10),

dr _ dy _ .
dy ~ dy (12)

An expression for dy/dy can be obtained from Eqs. (4)
and (5), which, after some manipulation, give

^
dy (13)

Substitution of this expression into Eq. (12) gives, finally,

dy T dy
_ (14)

Now, according to our formulation, the vorticity from the
tip of the wing y = 6/2, appears at r = 0. Thus, to have a
conventional roll-up, we wish to find that as y decreases, r
increases; i.e., a conventional roll-up is possible if dr/dy is
always negative. If the condition dr/dy = 0 occurs in an
attempted roll-up calculation, this means that the circu-
lation is becoming multivalued at a given point r. Since
this is impossible, it is clear that a single vortex roll-up
according to Betz is impossible.

From the above discussion, it is evident that for a load
distribution such as that shown in Fig. 2, we may not pro-
ceed with the calculation of the roll-up of a single tip vor-
tex much inboard of the point P, for as one does, one
quickly runs into a singular behavior of the vortex. It can
be shown that this behavior is equivalent to having point
y* move inboard of point y(y).
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Fig. 2 Representative load distribution on a flapped wing
T(y), upper curve, and distribution of shed vorticity dV/dy

from same wing, lower curve.

Before discussing how such multiple vortex roll-up
might be calculated, let us make an observation about the
velocity i?(0) at the center of a tip vortex. It is a conse-
quence of Eqs. (11) and (14) together with the inviscid
vortex solution u(r) = Y'(r)/2irr that

b / 2
(15)

Thus, the exact behavior of the load at the tip has a pro-
found effect on the inviscid roll-up of a vortex. By chang-
ing the load distribution just slightly so as to reduce
dT/dy at the tip, the maximum velocities that can be
achieved in roll-up can be reduced accordingly.

We may now turn to the problem of multiple vortex for-
mation. Consider the load distribution shown in Fig. 3. In
order to eliminate the singular behavior of vortex roll-up
just discussed, we will divide up the shed vorticity from
the wing in the following way: We consider the distribu-
tion of the absolute value of the shed vorticity \dT/dy\.
Let us consider the points where this function is a mini-
mum. For the case considered in Fig. 3, these points are
A, B, and C. We now assume that all the vorticity shed
outboard of the point A will roll up into a "tip" vortex,
that all the vorticity shed between the points A and B will
roll up into a second vortex that we will generally call the
"flap" vortex, and that all the vorticity shed between B
and C will roll up into a third vortex that we will general-
ly call the "fuselage" vortex. Actually, any number of vor-
tices might be found by following the procedure of divid-
ing the vorticity up according to where the minima of
\dT/dy\ occurred. In an analysis of the initial deformation
of the vortex sheet for load distributions of this kind,
Yates11 has confirmed that this method of apportioning
the shed vorticity is quite accurate. He has also found
that the centers of roll-up are located very near to those
found by the present method.

Now we wish to roll up the vorticity shed from the wing
so that the Betz invariants are preserved in the process.
This may be accomplished if, for each of the three regions
of shed vorticity that we have just defined, we roll all the
vorticity in each region up about its own centroid in such
a way that the moment of inertia of each section of shed

T (y)

d y

Aircraft centerline

Wing tip

VA V = b/2 y
Yi V2

Fig. 3 Load distribution which will produce three vortices.

vorticity is preserved about this centroid. As an example,
consider the vorticity shed between the points A and B of
Fig. 3. Let us call this vortex B. We will roll the vorticity
shed from the wing in the region A-B into a vortex located
at the centroid yB of the shed vorticity for this region.
This position is defined by

dT
dy (16)

We assume, as before, that the Betz invariants are pre-
served in detail. To write expressions for this detailed
preservation that are equivalent to Eqs. (4-6) we must
decide what part of the vorticity shed between A and B is
rolled up into the center of the vortex. It seems reasonable
to assume that the most intense region of vorticity shed-
ding will wind up at the center of the vortex. Let ymB be
the position of the maximum of \dT/dy\ between B and
A. The detailed Betz invariants that we desire can now be
written

_ r
dy (17)

and
i u.JL / __ v o r o ai , / ^ ^ \; ^~vV - V i 2 ) c ? v = / r^ ——dr (18)J
Vl dy ' - n ~ \ dr v ;

where yi and y2 are arbitrary points inboard and outboard
of ymBj and 3/12 is the centroid of the shed vorticity be-
tween yi and 3/2, namely

(19)

An expression for the radius at which one would find the
circulation YB'^B) equal to Y(y^) - Tfa) can be derived
from Eqs. (17) and (18). Thus, we find

- \2
dy

dy dr B

dT2
dy

(20)

drB

However, the distribution of circulation is not fixed unless
we prescribe a relationship between yi and y2. The rela-
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tionship which gives the simplest expression for the roll-
up and one which is equivalent to that found by Betz for
tip roll-up is

/ _ ~ \ 2 _ / __ — \2 (21)

That is, one chooses yi and y2 in such a way that they are
always equidistant from the centroid of shed vorticity be-
tweenyi andy2. Putting Eq. (21) into (20) results in

2 i — \2 / — \2 /oo\Yg — 1^2 ~~y ' i 2 ' :z:::: \y\ ~y\2t \^^/
or

rs - ̂ 2 ~y\2 = yu ~y\ (23)
Here, the similarity of this result and the result for tip
roll-up, Eq. (10), is obvious. Now Eq. (17) may be written

IY(rB) = T(yi)-T(y2) =

and Eq. (19) may be written

3>12 =

(24)

(25)
r,-

We may, therefore, take Eqs. (23-25) as a new recipe for
computing the roll-up of vorticity between any two mini-
ma of \dT/dy\ on a wing. These formulas hold so long as
yi remains greater than yB, and 3/2 remains less than yA
(see Fig. 3). If yi reaches yA before yi reaches yB, the roll-
up may be continued by holding 3/2 and, hence, F2 fixed
and proceeding with the rull-up, letting r = yi2 - yi
until yi reaches yB. If yi reaches yB before y2 reaches yA,
then the roll-up is continued holding yi and, hence, FI
fixed and letting r = y2 - yi2-

It should be clear that the prescription given above for
calculating what might be a centralized roll-up for each
segment of vorticity shed from a wing can be applied to
any number of vortex segments. The method should be
applied for the tip vortex if the maximum shedding of
vorticity appears inboard of the tip. It is obvious that it
will reduce to the classical Betz description if the maxi-
mum shedding does indeed appear at the tip.

Before going on to describe some of the consequences of
calculating roll-up in the manner just described and com-

b)

Fig. 4 Behavior of the tip and flap vortex for a) large-per-
centage-span flaps and b) small-percentage-span flaps at

moderate lift coefficients and flap deflections.

paring results of computations with experimental results,
we note that it is a consequence of Eq. (23) and the invis-
cid vortex solution that

(26)

As in the case of the tip vortex, we see that the velocities
near the center of a "flap" or inboard vortex are not relat-
ed to the strength of the vortex but are merely a manifes-
tation of the rate of change of load on the wing near the
end of the flaps.

III. Comments on Vortex Roll-Up

The method just given for approximating the character
of the vortices that might be shed by a flapped wing can
be helpful in understanding trailing vortex behavior, but
it does not give a complete description of an actual roll-
up. Indeed, in an actual wake, any concentrations or cen-
ters of vorticity shed by the wing move relative to one an-
other in accordance with the velocities that these centers
induce in each other. A general tendency when two closely
spaced vortices are shed from each half of a wing is for
these vortices to rotate about one another on each side so
as to preserve the moment of the shed vorticity. Such a
condition may be observed experimentally on a straight
wing with flaps extending to, say, 75% or more of the semi-
span. This type of behavior is shown in Fig. 4a. The cen-
ters of vorticity shed from each side tend to spiral about
their common centroid, as this centroid moves downward
behind the wing in the velocity field induced by the two
vortices from the opposite tip. In such cases, it has gener-
ally been found that the two vortices on each side remain
in rather intimate contact with each other and, eventual-
ly, these regions of vorticity of equal size diffuse into each
other.

For flap semispans that are of the order of 50% or less,
another type of vortex behavior can be observed. In this
case, the centers of vorticity shed by each side of the wing
are not too close together, and the tip vortex moving in
the velocity field induced by the flap vortex moves up
above the wing and towards the plane of lateral symmetry
of the aircraft. The flap vortex moves down and outward.
This behavior of the shed vortices is shown in Fig. 4b.
In this case, after a short while, the two tip vortices,
which are of opposite sign, come into close proximity.
They are thus able to interact with one another and, as
such interactions are unstable, they may be able to loop
off or explode and greatly modify one another. This modi-
fication by instability can proceed quite rapidly because
of the small separations that are achieved between the
two vortices of opposite sign. If such an interaction were to
result in the effective cancellation of these two vortices,
the two remaining vortices would have to move further
apart in order to conserve the moment of the shed vorti-
city. This disturbance might then excite an inviscid insta-
bility of these remaining vortices.

Although the prescription for computing vortices given
in the previous section does not explicitly treat these rela-
tive motions of vortices, one can obtain from calculations
of the type suggested the parameters required to deter-
mine the type of motion that is to be expected behind the
wing. It should be pointed out that the two types of vortex
behavior discussed above are but two of a large variety of
types of vortex motion that can be observed behind a
wing. These motions depend upon the number of centers
of vorticity shed by each half of the wing and their rela-
tive strengths and spacing. Since the present method en-
ables one to calculate these quantities, it should, if it is
experimentally verified, enable one to classify the type of
vortex wake with which one is dealing. Such information
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Fig. 5 Diagram showing the wake vortex system at the time
the center of the downwind vortex reaches the line of sensors.

is essential if one is to determine the eventual dissipation
of the wake of an aircraft.§

Another aspect of wake roll-up that is not treated here-
in is the effect of wing profile drag or the effect of wing-
mounted propulsion systems. The inclusion of profile drag
in the specification of the shed vortices can, in all proba-
bility, be handled by an extension of the method devel-
oped by Brown7 for a tip vortex roll-up according to the
Betz method. Recently, Bilanin12 has undertaken to make a
more rigorous analysis of this problem. Although the in-
clusion of the effects of propulsion systems is far more
complicated, it is clear that the location of the centerline
of engine thrust and the disc loading of the thrusting de-
vices relative to dynamic pressure are most important pa-
rameters. We certainly would expect a large effect of jet
engine thrust on the behavior of a wake in the vicinity of
an airplane if the thrust centerline happened to -coincide,
or nearly coincide, with the center of roll-up of, say, the
flap vortex of an airplane in landing configuration.

IV. Comparison of Computed and Measured Vortex
Velocity Profiles

It has been suggested that the character of a wake
which is made up of one or more rolled-up vortex pairs
may be determined by considering the initial roll-up pro-
cess to be inviscid. Application of the Betz conservation
relations to a known spanwise distribution of circulation T
for a particular aircraft in a particular flight condition
then permits one to calculate the distribution of tangen-
tial velocity which might be found in the wake vortices.
The agreement between profiles calculated by this meth-
od and those measured experimentally would be expected
to depend not only on the limitations inherent in the
method, but on the effects of instability and aging as well.
These latter effects are implicit in any measurements
taken at some time after roll-up is complete. During this
time, ambient or aircraft-generated turbulence, wind
gusts, and distortion due to mutual interaction and diffu-
sion would all contribute in some degree to the aging pro-
cess. In this section, a comparison will be made between

§Of the two types of wake behavior previously discussed, it is
not known at this time which would result in the faster dissipa-
tion of the wake. This is surely the topic of a worthwhile investi-
gation.

velocity profiles computed by the Betz method and those
measured during full-scale flight tests of several aircraft.

NAFEC Full-Scale Vortex Measurements

The data which are used as a basis for comparison in
this study were selected from the results of full-scale
tower flyby tests carried out by the Federal Aviation Ad-
ministration at the National Aviation Facilities Experi-
mental Center at Atlantic City, N.J.

The NAFEC test technique13 consists in the measure-
ment of vortex tangential velocity profiles in the wake of
an aircraft which flys by to the windward side of an in-
strumented tower. Instrumentation consists of hot film
sensors mounted on the tower at closely spaced vertical
intervals. Tangential velocity profiles in the vortices are
deduced from the recorded time histories of the sensor
signals. In the data reduction method used in this study,14

corrections were made for the induced effects of the oppo-
site vortex, as well as the ground plane images of both
vortices. The system as applied to the downwind vortex is
illustrated in Fig, 5. For cases in which more than one
vortex concentration might be expected behind each half
of the wing, this simple system might appear to be too
limited. However, the experimental data indicate that, at
the time of intercept, a single vortex concentration is, in-
deed, dominant. It may be surmised, following the discus-
sion of Sec. Ill, that other concentrations which may form
initially either have been distorted as they interact with
the dominant vortex and have become diffused in the re-
gion surrounding it or have left the immediate vicinity of
the dominant vortex so that their presence would not be
observed in this type of test. The total circulation of such
a vorticity concentration would still be equal to the total
for the complete half wing, but the recognizable part of

Line of sensors
Tangential /

velocity profile—--y
v ( r ) h

Wind velocity Uw

v=(U w +U, N D ) -U '

At a given sensor, the resultant velocity to which the sensor
responds is /————

where Uw=wind velocity parallel to ground
U|ND = total horizontal component of induced velocities

from upwind vortex and both images
v = local tangential velocity in vortex

V IND = total vertical component of induced velocities
from upwind vortex and its image

In the formulas above, / 2 _ v—2

Fig. 6 Data reduction relations for downwind vortex.
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Fig. 7 Spanwise distributions of T and dT/dy and the radial
distributions of tangential velocity for vortices in the wake of

a DC-7 in holding configuration.

the tangential velocity profile would be that of the domi-
nant vortex alone.

The way in which the tangential velocities are deter-
mined from the sensor output data for different portions
of the vortex is shown in Fig. 6 for the downwind vortex.
To properly apply the relations given, it is necessary to
identify the points where the magnitudes of the quantities
U' and Uw ± UIND become equal. Two such "null" points
can occur for a typical vortex velocity profile: one inside
the core and one outside the core. For the downwind vor-
tex, these points lie above the centerline; for the upwind
vortex, they lie below. In working with the NAFEC data,
it was sometimes difficult to identify these points with
certainty. Since the profile on the opposite side of the
centerline was usually well defined, however, this diffi-
culty was not a serious problem.

Computation of Load Distributions and Velocity Profiles

The computation of the initial profile of tangential ve-
locity in a rolled-up vortex by the method described in
Sec. II requires that the span wise circulation distribution
T(y) be known. For the aircraft used in this study, infor-
mation was obtained from the manufacturers which made
possible the computation of the desired distributions.

Two computer programs were developed at ARAP. to
enable the computation of the tangential velocity profiles
from these load distributions. The first program computes
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Fig. 8 Spanwise distributions of T and dT/dy and the radial
distributions of tangential velocity for vortices in the wake of

a DC-7 in takeoff (<5/ = 20°) configuration.

the distribution T(y) for a specific flight using a value of
aircraft CL calculated from flight parameters supplied by
NAFEC. This distribution is then used to compute the
profile u(r) and the center of roll-up y(y) for the case of
tip vortex roll-up as given by Eqs. (4-6). The second pro-
gram is used to compute the profile u(r) and center of
roll-up y(y) for a flap vortex in accordance with Eqs. (IT-
19).

Comparison of Measured and Computed Profiles

Examples of the measured and computed tangential ve-
locity profiles for DC-7, DC-9, and C-141 aircraft are pre-
sented in Fig. 7-11. The upper part of each figure shows
the computed load distribution T(y), the computed distri-
bution of dT/dy, and the computed tangential velocity
profile for the tip vortex and/or the flap vortex. The vor-
tex is shown centered at the computed center of roll-up y.
The lower part of each figure shows the comparison of
measured and computed tangential velocity profiles for
both the upwind (left) and downwind (right) vortices. The
computed profiles are plotted as solid lines on the side of
the vortex centerline for which the vortex velocity is
towards the tower. On the opposite side of the center, the
measurements revealed a kind of "offset" effect which
may have been due to probe interference in regions where
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Fig. 9 Spanwise distributions of r and dT/dy and the radial
distributions of tangential velocity for vortices in the wake of

a DC-7 in landing (df - 50°) configuration.

the sensors were subject to net velocities away from the
tower. For this region, the computed profile is plotted as a
dashed line. For the flapped configurations (takeoff and
landing), the computed profile shown is that of the flap
vortex, this being the stronger and presumably dominant
one in every case.

On the whole, the agreement between measurement and
theory is quite satisfactory for all the aircraft in all config-
urations. This is so in spite of the wide differences in the
detailed flowfields of the wings of these aircraft, each of
which represents a distinct design class. The five cases
shown here were selected from a total of 25 which were
analyzed in detail. The remainder are given in Ref. 14.
The 25 cases were, in turn, chosen out of a total of 199
which were made available by NAFEC. The choices were
made on the basis of careful screening that eliminated
data sets which were less complete or which exhibited
ambiguity due to such factors as high ambient winds,
gustiness, and apparent instrumentation problems. For all
but four or five of the cases analyzed the quality of agree-
ment between theory and measurement is similar to that
shown here. In some of the remaining cases, the profile
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Fig. 10 Span wise distributions of T and dT/dy and the radial
distributions of tangential velocity for vortices in the wake of

a DC-9 in landing (5; = 50°) configuration.

shapes agree well, but the correction for wind velocity is
apparently off enough to displace all of the data points
relative to the estimated axis of symmetry. In other cases,
one of the vortices of the pair showed better agreement
than the other.

DC-7

For the tests with this aircraft, the NAFEC tower was
instrumented with sensors spaced four feet apart (see
Figs. 7-9). Therefore, the resolution of vortex structural
details, such as the viscous core size, was more limited
than for the later tests with one-foot sensor spacing. Nev-
ertheless, it can be concluded from the data shown that
the measured profiles for all three flight configurations
match very closely the inviscid profiles computed by the
present method. Furthermore, this match was found to
hold true regardless of vortex age up to 62 sec.

DC-9

For this aircraft, the sensor spacing on the tower was
one foot (Fig. 10). With its fuselage mounted engines, the
DC-9 is representative of the "clean wing" jet design.



554 DONALDSON, SNEDEKER, AND SULLIVAN J. AIRCRAFT

Age = 20 sec ' -

o NAFEC measurement

Fig. 11 Spanwise distributions of F and dT/dy and the radial
distributions of tangential velocity for vortices in the wake of

a C-141 in takeoff (<5 = 31°) configuration*

Thus it might be expected that effects on vortex roll-up
due to engine exhausts or slipstreams would be absent.
Although the exact nature of such influences is uncertain,
it is apparent from the data that quite small vortex cores
are possible with wings of this design. For both takeoff and
landing configurations, the core diameters were found to
be no greater than three or four feet. The computed pro-
files agree quite well with the data for distances of from
one or two feet from the center outward. There is no ap-
parent aging of these vortices for observation times of up
to 38.6 sec.

C-141

Once again, the sensor spacing was one foot (Fig. 11).
For this aircraft, too, the agreement between the profiles
computed by the inviscid method and those measured
during fly by is quite satisfactory. For the takeoff configu-
ration shown, the computed profiles are quite flat, with
tangential velocities of 10 fps as far as 50 ft from the vor-
tex centerline. It is also significant that the inviscid com-
putation for this T distribution results in relatively low
tangential velocities near the center [cf. Eq. (26)]. The
data for these cases fall quite close to the computed pro-
files except in the central region. Here there is definite

experimental evidence of core penetration by a substantial
number of sensors. Core diameter dc estimates for the vor-
tices shown range from 16-26 ft. The presence of such
cores can be verified by examining the time history of the
sensor nearest the estimated center of the vortex. The
core diameter can be calculated by multiplying the time
separation of the twin peaks which are characteristic of
core penetration by the wind velocity. In the cases shown,
the estimated values are consistent with those inferred
from the profile measurements. A clue to the reason for
the large cores in these vortices may be found in the ge-
ometry of the aircraft. It is noted that the outboard engine
exhausts only about ten feet laterally inboard of the ex-
pected center of roll-up for the flap vortex. This fact, cou-
pled with the engine's underslung position, suggests that
axial momentum and turbulence from the engine exhaust
may contribute to core formation during the roll-up pro-
cess. It should be emphasized, however, that with the ex-
ception of the core region, the velocity profiles for these
flapped cases can be computed quite adequately with the
inviscid method described earlier. The good agreement
between theory and measurement also supports the conten-
tion that for wakes such as these, the stronger of the two vor-
tices—in this case, the flap vortex—is the one which pre-
dominates. For the C-141 tests, the wind conditions were
such that relatively short elapsed times were possible, the
oldest vortex of those presented here being only 20 sec.
This short interval is apparently insufficient to permit
any measurable aging to take place.

V. Conclusions

The conclusions which may be drawn from this study
are as follows:

1) The initial tangential velocity profiles in the vortex
wakes of DC-7, DC-9, and C-141 aircraft can be computed
with reasonable accuracy by means of the Betz roll-up
theory3 as modified according to the method described in
this paper. This method appears to work equally well for
unflapped wings in which a single vortex concentration is
found behind each half of the wing and for flapped wings
in which there may be initially at least two such concen-
trations. The agreement between computed and measured
profiles was found, within the experimental accuracy, to
be independent of the age of the vortices for times as long
as 62 sec, as in the case of the DC-7 in takeoff configura-
tion. Because of the consistently observed agreement for a
variety of aircraft in a variety of flight configurations, it is
concluded that the primary processes which determine the
roll-up and early history of wake vortices are inviscid.

2) The computed profiles for flap vortices, in general,
appear to have higher velocities at moderate and large
radii than do tip vortices of the same strength. This dif-
ference in circulation distribution is a direct consequence
of the different wing loading distributions for the two
cases. Furthermore, it has been shown that the maximum
tangential velocity to be expected at the center of any in-
viscid Betz-type vortex is, simply, (!/TT) (dT/dy)p where
P is the point of initial roll-up for that vortex. On this
basis, it is concluded that the main reason for the differ-
ence between measured profiles for aircraft with and with-
out flaps is the alteration to the load distribution caused
by the flaps and not the introduction of turbulence or
other disturbances.

3) Because of the inviscid character of these wake vorti-
ces, it may be concluded that turbulence and its diffusion
have little to do with determining the initial velocity pro-
files except, perhaps, in regions where there is a possibili-
ty for entrainment of axial momentum. In the present
study, the DC-9 clean-wing design might be expected to
offer little chance for such entrainment. It is not too sur-
prising, therefore, to find that the vortex cores for this air-



SEPTEMBER 1974 AIRCRAFT WAKE VELOCITY PROFILES 555

craft are apparently quite small, and that there is no real
evidence of aging that might be attributed to the diffusion
of turbulence. The DC-7, and C-141, however, with their
wing-mounted engines, present a different possibility. In
the case of the DC-7, of course, because of the large sensor
spacing, the resolution of detail near the center of the vor-
tex is poor. However, the examination of the time histo-
ries of sensors near the center and the relative number of
core penetrations for the three flight configurations indi-
cate that the vortices for the flaps-down cases have both
larger cores and broader profiles than do the flaps-up
cases. It has been demonstrated that the latter effect can
be accounted for by the change in load distribution on the
wing. The former effect, however, could involve interac-
tion with the slipstream of the outboard engine. It should
be noted that with the flaps lowered, the flap vortex,
which now predominates, rolls up at a point considerably
inboard of the location of the unflapped wing roll-up and
much closer to the engine centerline.

The C-141 data show considerable detail in support of
the above interpretation. With no flaps, high-peak tan-
giential velocities were measured which match very close-
ly the inviscid profile at points very near the centerline.
The core was quite small. With flaps extended, however,
very large cores are measured. Outside of these cores, the
computed inviscid profile of the flap vortex is closely
matched, while inside it appears that strong viscous ac-
tion is present. Because of the proximity of the center of
roll-up to the engine centerline, it is reasonable to con-
clude that entrained axial momentum plays a part in de-
termining the size and shape of these cores.
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